Abstract: In recent years, a close connection between supergravity, string effective actions and generalized geometry has been discovered that typically involves a doubling of geometric structures. We investigate this relation from the point of view of deformations of graded canonical Poisson structures and derive the corresponding generalized geometry and gravity actions. We consider in particular natural deformations based on a metric g, a 2-form B and a scalar (dilaton) φ of the 2-graded symplectic manifold
Introduction
Generalized geometry unifies aspects of Riemannian, symplectic and complex geometry. It typically involves the study of a doubled (tangent plus cotangent) bundle T M ⊕ T * M , interpreted as generalized tangent bundle with structure group O(d, d). The natural notion of symmetry on this doubled vector bundle is encoded in Courant algebroids with an ad-invariant pairing on sections, an anchor map into tangent space and a Dorfman bracket. Unlike the more familiar Lie-bracket, the Dorfman bracket is not anti-symmetric in order to assure suitable integrability properties. Compatibility conditions between these objects must also hold.
In the recent past the generalized differential geometry of T M ⊕ T * M has been exploited to show -with various suitable assumptions -that supergravity, as the supersymmetric theory of gravity in its own right, but also as the effective field theory of superstrings of type IIA and IIB, can be described as some kind of Einstein's General Relativity on this doubled vector bundle. For example, the works [1] , [2] , [3] and others show this in the framework of generalized geometry. In double field theory, where also the coordinates of the base manifold (spacetime) are doubled, similar results -upon suitable projection onto standard target spacetime -were found, see e.g. [4] .
Here we shall take a different approach based on deformations of graded Poisson structures. A motivation is that deformations of Poisson structures and of canonical commutation relations can be used to describe interactions -as an arguably slightly more general alternative to gauge theories. The approach is well-established in the context of electromagnetism and allows for instance the inclusion of magnetic monopole sources [5] (see also [6] ). It can also deal rather elegantly with first order actions, but so far little is known in the context of gravity. It is known, however, that the aforementioned generalized geometry structures are special cases of graded Poisson algebras in the derived bracket formalism: The 2-graded symplectic manifold T * [2] T [1] M , admitting a Hamiltonian (shifted) vector field, with its sheaf of graded Poisson algebras generated by the polynomial functions, was related to the Courant algebroid on T [1]M ⊕ T * [1] M ≃ T * M ⊕ T M inŠevera's letter 7 [7] . Roytenberg, in his PhD thesis [8] and in [9] , further developed and rigorously proved this correspondence. The key was to notice that the bracket and the pairing are derived brackets of the Poisson bracket with the Hamiltonian as differential. The relation between Courant algebroid and derived brackets and other applications to Lie algebroids are explained by Kosmann-Schwarzbach in [10] . Graded Poisson algebras and graded Lie algebras are also relevant in the context of the BRST and BV quantization of the path integral of field theories with local symmetries. Another closely related and fruitful setup for the exploitation of the rich structures of graded manifolds are the AKSZ models [11] . They associate topological field theories to graded symplectic manifolds by lifting the graded and symplectic construction on a pair of manifolds M, N to the mapping space Map(M, N ). For further details see e.g. the review on supergeometry [12] . Worth mentioning, amongst the numerous works, is the exploration of the AKSZ construction by Ikeda [13] , Schaller and Strobl in [14] , and Cattaneo and Felder in [15] and [16] for N = T [1]N 0 related to the Poisson σ-model.
It is natural to conjecture that the "generalized General Relativity nature" of supergravity can be described in terms of the differential graded symplectic manifold T * [2] T [1]M , with M being ddimensional target spacetime. Indeed, this is the program of this paper: Starting from a deformation of the graded Poisson algebra, we reconstruct the NS-NS sector of 10-dimensional supergravity from a generalized Riemann tensor. The connection underlying this curvature tensor is derived from the connection that appears in the dg-manifold T * [2] T [1] M with deformed Poisson structure.
Structure of the article:
In the following section 2 we will remind the reader of some useful definitions in the context of generalized geometry and graded symplectic manifolds and we will briefly review in which sense the graded Poisson algebra of C ∞ (T * [2] T [1]M ) is related to a Courant algebroid on T M ⊕ T * M . The notation will be fixed in this part. In section 3 the most general deformed Poisson graded algebra will be presented and its features will be constrained by the request that the Poisson bracket of the associated Hamiltonian with itself is zero. We will then switch to the Courant algebroid counterpart of it, by computing the derived brackets. The axioms will be verified for these new Dorfman brackets, pairing and anchor map. Section 4 is devoted to discussing the connection for the Courant algebroid that descends from the graded symplectic structure. Definitions for a generalized Lie bracket and torsion tensor will be given and applied to the case under consideration. Comparisons with previously proposed notions of torsion in the context of generalized geometry will be made. Then different options to obtain curvature invariants will be discussed. Finally, in section 5, the methods will be applied with an ansatz based on a Riemannian metric g, a 2-form B and a scalar (dilaton) φ(x), eventually yielding the effective Lagrangian for type II closed strings.
Summary of essential notions
The orignal works on generalized geometry, which received a lot of attention in the early 2000's are usually considered those by Hitchin [17] and by his student Gualtieri [18] , to which we refer for a nice explanation of the underlying concepts of generalized geometry. The key underlying structure is that of a Courant algebroid: This is a minimal set of axioms; other possible relations can be shown to follow from these three conditions. For example the anchor map can be proven to be a homomorphism of brackets,
The last axiom can be polarized (i.e. using 2e ′ :=ẽ +ê) also yields the Leibniz rule of [·, ·] for the second entry only:
A Lie algebroid (E, ρ, [·, ·]) fulfills the first requirement and the Leibniz rule. The bracket is skewsymmetric.
Some more comments on these axioms: The first one is the Jacobi identity for the bracket; together with the Leibniz rule it assures that [·, ·] is a good bracket for an algebra. The second relation shows that the symmetric part of the bracket is controlled by the derivation ρ(e) acting on the pairing evaluated on the same section e ′ . The third condition expresses the ad-invariance of ·, · =: η ∈ S 2 (E): it can also be stated as
i.e. the Lie derivative (built with the bracket of the Courant algebroid!) of η along e ∈ Γ(E) is null. Moreover, in case that the bundle E that hosts the Courant algebroid is the Whitney sum of the tangent space and the cotangent space
it is an extension of the following short exact sequence [7] :
thus j in that case is an inclusion map such that Imj = Kerρ. The non-skew-symmetric bracket for the Courant algebroid most commonly used in generalized geometry is the Dorfman bracket. Its antisymmetrization, called the Courant bracket, will not be used here, as the Jacobi identity in the definition would hold only up to a tensor (the Jacobiator).
Definition 2.2 (Dorfman bracket). Let
where the bracket on vector fields is the standard Lie bracket.
Graded symplectic manifolds are manifolds very rich in structures and properties. For the basics on graded manifolds and algebras, we refer to [19] . We will focus on T 
and has degree 2, while the corresponding Poisson brackets have degree −2.
Before reviewing the derived brackets construction that leads to the fundamental result on the relation between this dg-symplectic manifold of degree 2 and the Courant algebroid (T M ⊕ T * M, ρ, [·, ·], ·, · ), we shortly recall the notiion of a homological vector field and under which conditions it gives rise to a Hamiltonian in this graded setup. Definition 2.3. A homological vector field is a vector field Q belonging to the degree +1 shifted vector fields ΠX(E), such that {Q, Q} + = 2Q 2 = 0. When such a vector field preserves the symplectic form ω, i.e. L Q ω = 0, it is a symplectic homological vector field. Q is symplectic homological iff it is Hamiltonian (ι Q ω = dξ, for dξ some exact form) and n + 1 = 0, n being the degree of ω. If n = −1, Q is hence recovered from the Poisson bracket (of degree −n) with a corresponding Hamiltonian of weight 1 + n, denoted by Θ: Q = {Θ, ·}.
M must therefore be of degree 3. The most general degree 3 Hamiltonian Θ that can be written down consists of a kinetic term linear in the momenta and of a potential cubic in the degree-1 coordinates:
where C αβγ (x) ξ α ξ β ξ γ =: C, due to the odd parity of the ξ's, is a rank-3 tensor in T (M ) with covariant and/or contravariant indices. This tensor represents the full class of T-dual stringy geometrical and non-geometrical "fluxes":
The position-dependent matrix ρ αi (x) will play the role of the anchor map of a Courant algebroid. The Hamiltonian Θ must satisfy the structure or master equation (corresponding to Q 2 = 0, as can be seen from the Jacobi identity and the definition 2.3):
This implies various constraints on the rank-3 tensor C and on ρ αi (x).
The master equation (2.4) together with the graded Jacobi identity for the Poisson bracket implies the axioms of a Courant algebroid 2.1 that can be obtained as a derived structure. The bracket, the anchor map and the pairing are defined by 
. From now on we will always identify the ξ's with a basis of sections. Moreover the anchor ρ ∈ Hom(E, T M ) is understood as the same map appearing in (2.3) and the constraints due to the master equation shape it. The proof of the correspondence between the dg-symplectic manifold and the Courant algebroid can be given as follow. The first axiom is a consequence of the (graded) Jacobi identity for the Poisson graded algebra:
The last term is zero due to the master equation (2.4) and the axiom is verified. For what concerns the remaining two axioms, the (graded) Leibniz rule and the (graded) Jacobi identity give directly: .7), we obtain the flat
a (x) needs to obey the relations
as found from {Θ, Θ} = 0. These relations imply that ρ ∈ Hom(E, T M ) is constant and null on forms, i.e. it is the projector onto vector fields. The derived bracket for the Courant algebroid (2.5) is precisely the Dorfman bracket given in equation (2.1). The standard Courant algebroid
is therefore recovered from the canonical graded symplectic structure of
Deformed graded Poisson brackets
Consider the graded symplectic manifold (
The most general deformation of the canonical Poisson structure, which preserves the x − p bracket and (of course) still obeys the graded Jacobi identity and the graded Leibniz rule is encoded by the following brackets (3.1), listed in the left column in components and in the right column in a coordinate free notation, where
This is a non-degenerate Poisson structure if some restrictions are placed on G, ∇ and R. G should be an 2d × 2d invertible symmetric block matrix,
, as the identities of the Poisson algebra, the degree counting and the anticommutativity of the bracket imply directly. It should be considered as a generalization of the canonical O(d, d) pairing between vector fields and forms. Similarly, from the bracket between the functions linear in the momenta and those linear in ξ we must expect a degree 1 object with the properties of a connection. The Jacobi identity with a second ξ implies that the connection is metric with respect to G αβ (x). Then the Poisson bracket on two momenta has to be the curvature 2-form for this connection, R ij ∈ Λ 2 (T * [2]M ), as imposed by the Jacobi identity with ξ, the commutativity of the bracket and the resulting degree (2) . The symplectic form ω, which corresponds to the inverse of the Poisson bivector, is
The master equation (2.3) places further restrictions on G, ∇ and R resulting in expressions that can be decomposed into a set of degree 4 equations, each involving a different monomial in the degree 1 and 2 generators. In particular the degree 4 equation for a quadruplet of ξ's is
give n + 1-forms, and the interior product is performed with G. This equation can be solved for R as a function of the fluxes C, of the metric G and of the anchor ρ. Therefore, without loss in generality, we can take R = 0 in (3.1) and focus on the fluxes to keep track of the modifications induced by the curvature. A complete analysis on the non-geometric fluxes and their Bianchi identities in the canonical dg-symplectic
M can be found in [20] . From now on R is set to zero unless stated otherwise. In the absence of curvature the connection ∇ is thus forced to be the torsionful but curvature-free metric connection commonly referred to as Weitzenböck connection [21] . Parallel transport is automatically possible and a non-trivial covariant derivative can be defined, even though in symplectic geometry there should in general not be local invariants. Ultimately, this implies also the existence of a global set of vielbeins on the tangent space to
The master equation for the bracket between ξ α G −1 αβ ρ i β p i and itself gives the remaining couple of relations. These involve the degree 4 objects built from a pair of momenta and from a pair of ξ's together with one p:
which is also equivalent to:
This set of constraints on G, Γ and ρ is underdetermined. An ansatz should be made in order to solve it, depending on the deformation that one wants to discuss. In this paper we shall choose a (generically non-constant) anchor map that is null on forms, ρ bi = 0, i.e. a projection onto tangent space up to rescaling by a function of the dilaton. In the discussion we will comment on other choices, which we shall investigate in detail in a forthcoming publication. The choice of ρ that we make here, also implies that G has a null lower right d × d block.
Canonical transformations: Let us now discuss briefly a class of canonical transformations for this algebra, the inner automorphisms. These are degree-preserving morphisms and since the brackets have degree −2, the generators h must have degree 2. This can be achieved by choosing for h a function with a term linear in momenta and one quadratic in the degree 1 coordinates:
The infinitesimal canonical transformations look like:
The algebra of these generators h closes as assured by degree counting and by the Poisson brackets themselves, since they produce a new function which is still linear in the momenta and quadratic in the ξ's, see the relations (3.1). The momenta generate diffeomorphisms and the product of the
). One recognizes immediately that the latter are the symmetries that preserve the Courant algebroid pairing. The algebra of the canonical symmetries is hence the algebra of a gauge symmetry.
These canonical transformations are of course derivations of the Poisson bracket. Considering three elements K, W, Z of O n with {K, W } = Z we have:
Derived structure
In this part we want to focus on the outcome of the derived bracket construction, and describe the Courant algebroid corresponding to the deformation.
As an example for the correspondence between the Poisson algebra of functions on T 
we have discussed the canonical graded Poisson structure. Now we will investigate a modified Poisson structure together with the Hamiltonian (2.3), whose master equation implies (3.2).
1 The associated Courant algebroid with Dorfman bracket [·, ·] ′ , pairing ·, · and anchor map ρ, as defined by the derived brackets (2.5), (2.6) and (2.7) has the following structure:
1. The pairing is given by G αβ :
The fully generalized Dorfman bracket [·, ·]
′ , written out in components, is given by
where the connection ∇ : Γ(E) × Γ(E) → Γ(E) on the Courant algebroid is induced by the connection of the graded symplectic manifold,
via the anchor map ρ from generalized vector fields (with are equivalent to degree 1 functions) to ordinary tangent vector fields (with are equivalent to degree 2 functions), ρ : Γ(E) → Γ(T M ) (see also point 2 above). The connection is a bonafide extension to generalized vector fields and it satisfies the axioms for a generalized connection:
By naïvely modifying the graded symplectic structure one could potentially introduce odd behaviour. To make sure that this is not the case, we shall check directly that the quadruple
is really a Courant algebroid according to definition (2.1). We will ignore the fluxes C for now and consider only
since one can observe that due to associativity the tensor C is only responsible of the twisting of the bracket, by means of tensors with different symmetries, see (3.4), instead (3.5) already reproduces the Courant algebroid bracket [·, ·], the anchor and the pairing. Then, due to associativity, our previous computations of the master equation i.e. the formulas (2.8), (2.9) and (2.10) are still true for Θ |C=0 . In particular, (2.8) imposes a symmetry condition on the curvature R (which is trivially true for R = 0)
where the shorthand notation
is used here, and another condition involving G ≡ ·, · and the connection coefficients:
which is a disguised version of the previous symmetry condition on R. Both remaining axioms do not require much more in order to be verified, since both (2.9) and (2.10) are simply equivalent to the statement that ∇ is metric compatible,
which was already required in order to produce a Poisson structure with the brackets (3.1).
To summarize, in this section we presented the general deformation of a graded Poisson algebra and the corresponding Hamiltonian, which was used to characterize the structure through the master equation. We discussed also the canonical transformations of the graded Poisson algebra. 
Courant algebroid connection
In this part we would like to develop a covariant differential calculus for the generalized tangent bundle. The discussion still focuses on the deformation given in (3.1) with R = 0 implemented as before, and the fluxes C ignored from now on. For doing so, motivated by the structure of equation (3.4), we first seek for a suitable definition of a torsion tensor for T M ⊕ T * M ≡ E. A map T : Γ(E) × Γ(E) → Γ(E) gives rise to a 2-tensor if it is bilinear and antisymmetric:
Moreover, it is a candidate for a torsion tensor, if it measures the failure of the antisymmetric pair of covariant derivatives on two generalized vector fields ∇ U V − ∇ V U to give an equivalent of a Lie bracket on them. This generalizd Lie bracket ·, · shall have some properties determined by the behaviour of the connection ∇ and the tensor T themselves under C ∞ (M )-multiplication and by the antisymmetry of T. In previous work there have been attemps to employ the antisymmetric Courant bracket for these puposes. But that choice has turned out to be insufficient, mostly because it does not obey a Leibnitz rule. We define instead: Definition 4.1. A bracket on the E-sections U, V such that
holds, i.e. it is antisymmetric and R-linear, is said to be a generalized Lie bracket.
(Note, that we do not require a Jacobi identity or a Leibnitz rule, even though they may still hold in certain cases.) The question remains, whether such a Lie bracket exists in our current setting. This is indeed the case: Locally, in a holonomic (coordinate) basis {ξ α }, we set ξ α , ξ β = 0 and obtain from 4.1
This local expression can be extended globally to all patches that cover the base manifold using (4.1) and the transition functions between patches. The extension is consistent on triple overlaps as long as the anchor map is globally well-defined. The bracket on basis elements is non-zero if the basis is non-holonomic. This bracket is thus a kind of commutator of generalized vector fields, in some sense analogously to the difference between the infinitesimal flow generated by the first generalized vector field on the second and the latter itself. Ultimatley, in this article we will only really use the bracket on pure vector fields X, Y ∈ Γ(T M ), where it will correspond to the usual Lie bracket up to a rescaling by the dilaton that will appear in the anchor, 
is a genuine torsion tensor T : Γ(E) ⊗ Γ(E) → Γ(E), with all the properties required (antisymmetry and linearity under multiplication of functions). Many expressions that we have encountered so far involve the connection contracted with a (generalized) vector field, i.e. "with all indices lowered": U, ∇ V W . Furthermore, in section 5, we will consider deformations involving a metric g, but not its inverse (the inverse will appear later), hence we cannot expect ot obtain Levi-Civita symbols directly, since they do involve the inverse metric. This suggests to consider Christoffel symbols of the first kind Γ(U, V, W ). We shall follow the common convention for Christoffel symbols of the first kind in general relativity, where the upper index is lowered into the first slot: Γ βγα := g βλ Γ λ γα and define connection coefficient on the generalized bundle E with the appropriate tensorial and linearity properties: Definition 4.2. A generalized connection symbol Γ for a connection on T M ⊕ T * M ≡ E is said to be of the first kind if for Γ ∈ Γ(E * ⊗ E * × E * ), ·, · symmetric bilinear form, and ρ : [
Contracting with W , we obtain a new connectionΓ (of the first type)
In fact, the LHS is clearly R-linear in U and tensorial elsewhere, henceΓ are honest connection symbols of the first kind, corresponding to a new connection ∇ :
. This new connection comes from the difference between the new Dorfman bracket and the Lie bracket. Remarkably it involves genuine generalized vector fields (i.e. both vector fields and forms) everywhere, also in the direction along which the derivation is taken, because of the torsion tensor.
Let us briefly comment at this point on the requirement of antisymmetry for torsion, since this requirement is sometimes dropped by other authors but it plays an important role here: Metricity of ∇ followed naturally from the Jacobi identity for a certain combination of derived brackets that imply the Courant algebroid axioms (2.9) and (2.10). It also follows from the Jacobi identity for the underlying Poisson brackets. We have defined a new connection (of the first type) in (4.8). Let us check its metricity:
which is true, provided that torsion is antisymmetric.
However, being interested in a connection that returns generalized vectors rather than their duals, we could attempt to perform an inversion with the full pairing G −1 ≡ ·, · −1 on (4.6) to get
Notice that G is always non-degenerate if it is induced by a symplectic structure, as it is the case here. Another possibility is also at hand. In fact, the just defined generalized connection symbols of the first kind in def. 
Properties (4.5) are easily verified forΓ and subsequently for∇.
Let us now go back to expression (4.7) and compare it with some other more or less similar suggestions that have so far appeared in the literature. In the pioneering work by Coimbra, Strickland-Constable and Waldram, reference [1] , the torsion T : Γ(E) → Γ(adF ), for adF adjoint representation bundle associated to the bundle of frames, is the difference between a "Dorfman derivative" L taken with a covariant derivative, and a "flat" one (i.e. the Dorfman bracket):
In their framework, ∇ is compatible with a O(d, d) × Ê + structure, where the positive reals take into account that ∇ acts on a conformal basis. The aim, however, is to obtain the torsionless covariant derivative suitable for type II string geometry. Here instead we take the difference with the generalized Lie bracket (definition 4.1) included in the Dorfman bracket, so that ∇ξ α , ξ β , in which ∇ is explicitly required to be torsionful and curvatureless for T * [2]T [1]M , is not incorporated in the definition of torsion. But this in turn tells that the (deformed) Dorfman derivative is a Lie derivative plus a covariant derivative ∇. There are some other conventions for the torsion tensor, adapted to the particular description and the purpose of the research work. Particularly well-know and one of the first to be suggested is Gualtieri's torsion T D ∈ C ∞ (Λ 2 E ⊗ E) in [22] : The authors discussed it in the context of Dirac generating operators for Courant algebroids. These operators, which are spinor connections in the Spin bundle, indeed arise naturally from the derived bracket construction. The quantization issue of the underlying 2-graded symplectic manifolds was solved in [24] .
Curvature invariants
In this part we outline two possibilities available in order to develop the curvature invariants based on the connectionΓ . However we will eventually apply only one of them to the example analyzed in the next section. We have previously presented two ways to extract the connection from the connection symbols of the first kind, either by using the full metric G or by focusing on a distribution of tangent vectors. These ways will naturally lead to different curvatures.
If we take into account a distribution Γ(T M ) ⊂ Γ(E), (4.10) is the standard connection of Riemannian geometry. The Riemann curvature is thus the standard one
The associated Ricci tensor is then the partial trace of R:
This procedure on one side does not make full use of the rich structure of "double geometry", but on the other side implements the curvature tensors for the tangent bundle as in usual Riemannian geometry, simplifying tremendously the calculations.
2. If we extract the connection on generalized vector fields with the inverse of the full generalized metric G instead, a generalized tensor in R ∈ Γ E ⊗ 3 E * with the symmetries of the Riemann tensor can be defined in a similar way to (4.11):
Since each of the indices can be vector or form valued, there are 2 4 = 16 Riemann curvatures, of which one corresponds to the standard differential geometry definition. The generalized Ricci tensor Ric ∈ Γ(E * ⊗ E * )
can be found again from the partial trace of this R. There are 4 of them and each one consists of the sum of 4 Riemann curvatures with indices contracted. In this way the curvature invariants are obtained for the full T M ⊕ T * M bundle. Anyway, since ∇ depends strongly on G −1 and ρ i α ∈ Γ(E * ⊗ T M ), because in turn they characterize the connection coefficients of the first kind Γ for ∇, the inversion operation is a delicate issue that must be performed carefully, and in general could mix up the coefficients:
In the rest of the paper the focus will be on a particular example for G and ∇. For the derived R tensor and subsequently the Ric tensor we will follow the directions of the first point, namely they will be computed for the connection on the tangent bundle. Ric will be contracted in a way that will reproduce the 10-dimensional low-energy effective action for closed bosonic superstrings.
5 Deformation with metric g, 2-form B and dilaton φ
Deformed graded Poisson algebra
Here we will present a concrete example of a deformation. Let us consider for ρ a projector up to a rescaling. This ansatz immediately shapes the metric G as discussed in the example after equation (3.2); subsequently those formulas will then fix the expression for the connection symbols. Consider therefore that the right lower block of G is null, and that G deviates from the standard pairing by an overall conformal factor and a Riemannian metric g on the χ coordinates. This is an application g :
that is extended to the full space of linear functions in the degree 1 coordinates by composition with the map ρ and j :
The metric G can be obtained from the standard O(d, d) pairing ·, · =: η by applying a vielbein E based only on the Riemannian metric g, in matrix notation G = E T ηE. The vielbein is indeed a non-canonical (differentiable and invertible) change of the degree 1 coordinates. In fact E can also be seen as a choice of section in the associated bundle of frames to
and the GL(d, d) symmetry group is reduced to SO(d, d).
Anyway there is some freedom left in the set of vielbeins: given that the pairing η is invariant
it is always possible to add an antisymmetric B ∈ Λ 2 T [1]M , which, as an application, is extendable to the full space
M in the same way than g, j • B•ρ. This freedom tells that the vielbeins are not necessarily globally uniquely defined, nevertheless the Weitzenböck connection ∇ depending upon them will be well defined. One possibility for E is:
( 5.1) in which the conformal factor will be eventually set to some exp f (φ(x)) for φ(x) a scalar field that will be interpreted as the dilaton of the gravity multiplet in supergravity. Hence G is
The Weitzenböck connection [25] coefficients Γ β iα are given by:
where the Poisson bracket is the canonical one, and it is convenient to recall that (ξ α ) := (χ a , θ a ). Moreover, as found in the end of subsection 3.2, the connection is clearly metric compatible with G.
The expression for E, when written by making clear distinction between χ and θ coordinates, defines the following bracket in (3.1):
The full Poisson structure that arises from the ansatz on ρ and G (5.2) is hence:
, where the dot denotes the action of the derivation v on the element j
Elsewhere the notation is exactly as in (3.1).
The closed non-degenerate symplectic form ω for this symplectic structure can be found from the canonical one by pull-back with E. In fact the change of degree 1 coordinates E is also a homomorphism of the Poisson algebra. Performing the substitution ξ old = ξE −1 in dx i ∧ dp i + dχ a ∧ dθ a leads to:
The inversion of the Poisson bivector agrees with this result. At this point the map ρ with which we started needs to be specified so that the Hamiltonian Θ |C=0 = ξ β G −1 βα ρ i α p i associated to the symplectic form (5.5) can be made explicit. This is given by
a , which corresponds also to the pull-back of the map ρ for the canonical case (2.11), which is forced to be the projector: (ρ • E) 
At first impression, this could look a bit misleading and one could argue that the structure equation for the Hamiltonian (2.4) does not hold any longer. Anyway, this is not true because it now involves the deformed commutation relations (5.4) rather than the CCR. The direct computation results in {λ −1 θ j p j , λ −1 θ i p i } = 0 again, because now the derivatives on the conformal factor λ −1 are balanced by the connection coefficients Γ 's.
Derived structure
Let us describe in detail how the derived structure for this particular deformation looks like. We will keep identifying sections of the algebroid with the algebra of functions of degree 1 of T Let us mention quickly that with this new pairing, T M and T * M are not maximal isotropic subspaces as they were for the η pairing. Now these spaces are instead the following N 0 and N 1 :
Their dimension however is still 1 2 dim(E). The definitive anchor map for the Courant algebroid was already highlighted when we presented the Hamiltonian Θ |C=0 in the previous subsection. Let us reproduce the result here for the sake of completeness:
We can also immediately state that for an exact Courant algebroid the embedding j, regardless of the particular choice, is forced to have this scaling behaviour w.r.t. the embedding j old for the standard Courant algebroid:
For the Poisson brackets (5.4) the Courant algebroid bracket in (3.4) becomes:
+ λ ρ(·)j (g − B) (ρ(e 1 )) , e 2 + ( e 1 , e 2 + 2 g(e 1 , e 2 )) ι ρ(·) dλ .
The parenthesis on the indices means antisymmetrization without 1 2 factor. This modified Dorfman bracket can be rewritten in a way that it can share a closer resemblance to the usual one. To do so, one should notice that, being E a homomorphism of the Poisson brackets, it is also a homomorphism of the Dorfman bracket.
[e 1 , e 2 ]
+ ( e 1 , e 2 + 2 g(e 1 , e 2 )) ι ρ(·) dλ . (5.12)
As stressed in subsection 3.2, the axioms of the Courant algebroid definition 2.1 are proved for the pairing in (5.7), the anchor map in (5.9) and the bracket in (5.11). Thus these objects yield a welldefined Courant algebroid. For a further check one could also prove this by using the observation that E is a homomorphism between the two Courant algebroid brackets (see (5.12)), and the Leibniz rule and the Jacobi identity for (E, ρ,
To conclude, let us repeat again that the derived structure associated to the Poisson algebra in (3.1) with Hamiltonian (5.6), when the fluxes are set to zero, is that of a Courant algebroid. Since the vielbein E in (5.1) maps the canonical Poisson structure to the deformed one, at the same time E maps the Courant algebroid (E, ρ,
. While doing so, the connection defined by the deformed Poisson bracket becomes an induced Courant algebroid connection. We will extensively discuss it after presenting, in the next paragraph, a further application of this modified structure.
Courant σ-model
As a straightforward application we can immediately compute the Courant σ-model corresponding to the deformation. This σ-model is the AKSZ action functional for a theory of extended objects with a Courant algebroid as underlying symplectic algebroid.
The manifold Σ is the 3-dimensional worldvolume of a membrane, h ∈ E * ⊗ T M for M smooth dg-manifold and for E := T M ⊕ T * M , C ∈ 3 E * , i = 1, . . . , d and β = 1, . . . , 2d. The functional (5.13) describes a symplectic structure on the space Maps(Σ, M ). In this sense the integral is over the 0-degree Hamiltonian for the symplectic structure; x i are the coordinates, Π i the momenta 2-forms and α β are the 1-form associated to the degree 1 coordinates. The graded variables in the previous section are in fact the point particle analogue of these other ones, according to the following formal assignation:
Also their grading and hence their odd/even parity can be naturally interpreted in terms of (0-forms,) 1-forms and 2-forms. The deformed Courant σ-model is found by pulling back (5.13), thus one needs to apply the map given by the inverse vielbein E
By making clear the separation between shifted 1-forms θ and shifted vector fields χ and using as h the projector, (5.13) becomes
where we have used the shorthand notationχ a := χ a − (g − B) ba θ b . Interestingly, the momentum P canonically associated to the x coordinate is now P = Π − λ −2 dB.
Connection and curvature
In this paragraph we readily adapt the general formulas for the torsion (4.4) and the connection (4.8), (4.9) to the case under consideration. Choosing a holonomic basis, the Lie bracket (4.2) computed on this basis is identically zero as in definition 4.1, therefore in components the torsion T αβ = ∇ ρ [α ξ β] − ξ α , ξ β is simply:
Summed up to ∇ ργ ξ α , ξ β ′ , it gives directly the new connection ∇. The connection provides a covariant derivative which we impose to behave on generalized vector fields in the usual way:
We are hence led to assign the coordinate basis for the generalized vector fields induced by a local chart for the base manifold M , i.e. ξ γ = ∂ c + dx c . However, by doing so we also need to rescale W in the previous expression as this would produce the correct scale factor in front of the partial derivative, otherwise it would have a λ factor in front. Then these components of ∇ (i.e. the connection coefficients of the first kind, see definition 4.2 and equation (4.8)) can be collected in the following way:
In the first block of the first matrix , ∇ λ −1 dx c , the connection depends only on derivatives on the conformal factor, which are due to metricity with ·, · ′ = G. We can now follow equation (4.9) and present the connection symbols for a distribution of vector fields. Being G
we get the following expression for∇:
This expression is surely interesting. In the following paragraphs we will highlight its features.
Koszul formula
Let us underline here a peculiar property of the connection which is evident if we rather perform the computation differently. .2), if we rather express the LHS before the first equality employing some basic properties of the Lie derivative L in the expression of the Dorfman bracket, namely the product rule and Cartan formulas, it will yield the Koszul formula for an antisymmetric metric g − B and a scalar field φ(x). This generalization of the Koszul formula is:
It is easy to solve (5.19) for∇ and in components, for the coordinate basis in which the vector field Z is rescaled by λ −1 , the result is:
Notices that we switched indices picking up the opposite sign everywhere. These connection coefficients are in agreement with∇
To our knowledge, this is a totally new generalization of the Koszul formula to a non-symmetric metric and a conformal factor. Moreover, unlike the standard GR case where the formula is derived from three combinations of the metric compatibility condition obtained by permutations of the vector fields, here the Koszul formula is a direct result of the metric connection's definition (4.7), and in a broader sense of the derived brackets.
Metric connection with torsion
Let us also comment briefly on another viewpoint on the connection∇. The starting point of the discussion was a graded Poisson algebra endowed with a Weitzenböck connection, which is metric with respect to G and pure torsion by definition. Then in the derived bracket construction the appearance of the torsion tensor on a different combination of generalized vectors was noticed, and a new connection was defined using it, because the difference between two metric connections is necessarily a tensor.
In the standard Riemannian geometry of T M , a metric connection is obtained from the unique metric torsion-free connection with respect to the upper diagonal block of the metric G, 2λ 2 g, (hence the Levi-Civita one plus derivatives on the conformal factor) by adding the contorsion tensor K. For a torsion tensor on vector fields only, T ∈ Γ(Λ 2 T * M ⊗ T M ), the contorsion is the tensor
. Plugging in (5.15) computed for tangent vectors only, K becomes directly
The derivatives on the metric and the dilaton drop out as expected. Hence, introducing
the following compact expression is immediate: 21) and coincides with what was already found.
In the discussion after the definition and the derivation of a connection in the most general setup for the derived structure (4.8) we already highlighted similarities and differences with other works on the topic. In the specific case of the metric G under consideration, we would also like to stress that the mixed symmetry form α as in (5.21) reminds us of the 1-form valued endomorphism (Weyl term) in the unique decomposition of the difference between two connections for E with the same torsion, see [26] and [27] . The endomorphism discussed here is the vielbein E and α takes into account the variation of a metric connection with fixed torsion upon a conformal rescaling of the metric with λ factors. Now we can proceed with computing the Riemann tensor R b acd for the connection on the tangent bundle (5.18). We will therefore follow definition (4.11):
expressions, in the case of a graded Poisson algebra deformed with a Riemannian metric g, a KalbRamond field B and a dilaton φ, for the torsion tensor (5.15), in a holonomic basis, the connections ∇ (5.17) and∇ (5.18), the Riemann tensor on vector fields R b acd (5.22) and the Ricci tensor Ric ad (5.23), in the coordinate basis in which the vector field along which the derivation is performed is rescaled with λ −1 so that the covariant derivative has the usual behaviour (5.16).
Two various equivalent viewpoints on the connection were also given. First, we worked out a Koszul formula from [·, ·] ′ − ·, · , whose expression (5.19) was of immediate meaning and of clear resemblance with the standard Riemannian geometry case. Then we discussed torsion and metricity of the connection, justifying the statement that∇ is the metric connection w.r.t. 2λ 2 g(x) with contorsion tensor given by K = H = dB.
We are now nearly ready to show the main outcome of the deformation (5.4). But before that, let us spend a few words on the low energy effective action for 10-dimensional closed strings.
Supergravity bosonic NS-NS sector
In this subsection we would like to show that the connection∇, for the deformation chosen, is relevant in building the 10-dimensional supergravity action. In fact, it already contains all the fields of the supergravity multiplet, the metric g, the Neveu-Schwarz field H and the scalar field φ known as the dilaton. Prior to that, however, let us collect some information on the physical model. One way to introduce the supergravity action functional is by asking for cancellation of the worldsheet conformal anomaly for the superstring. This is possible whenever φ(x), g ab (x) and B ab (x) satisfy a set of equations which are β-functions for the action [28] 
For the sake of completeness, in (5.24) also the n-form field strengths of F n = dA n are taken into account. In a worldsheet perspective these are the fields due to a condensate of fermionic 0-mode excitations of the type II superstring with Ramond boundary conditions on D-branes, in short R-R fluxes. This action is the low energy string effective action for the supersymmetric string, and it is diffeomorphism invariant for the graviton (the metric tensor) which appears as a coupling constant in the worldsheet theory. In 10 dimensions this action, correctly completed with the corresponding fermionic superpartners, gives the supergravity theory for both type IIA superstrings, with N = (1, 1) supersymmetry, and type IIB superstrings, with N = (2, 0) supersymmetry. The factor of e −2φ is a loop expansion parameter, and the specific factor of 2 comes from the integral of the worldsheet curvature, equal to the Euler character χ E of the sphere S 2 , χ E (S 2 ) = 2 [29] .
Furthermore (5.24) can be formulated independently from string theory: in fact, it was also developed as a field theory with local supersymmetry combined with general relativity, which has been called supergravity. Seen in this perspective, the same lagrangian is then valid for every dimension, the coupling constants getting different values depending on the dimensions.
In either cases the geometry involved is complex geometry. The construction that we followed here is based on generalized geometry which is a combination of symplectic and complex geometry: they can coexist if the cotangent bundle is doubled with the tangent. However we gave the expression for the Riemann and the Ricci tensors as in usual Riemannian geometry for the tangent bundle, see (5.22 ) and (5.23). In 10 dimensions these are tensors for the general linear group GL(10) only, not of the full O(10, 10) of course. However it must be stressed that the connection∇ incorporates both a vector-valued connection and a form-valued connection, hence it is a full generalized geometry object.
In this framework, we have presented natural constructions for generalized connections (of the first and second kind) as well as the associated torsion and curvature tensors. In fact, motivated by Severa and Roytenberg's result, we focus on the graded Poisson structure of C ∞ (T * [2]T [1]M ) and its general deformation. Via a derived bracket construction, we relate it to Courant algebroids with a deformed Dorfman bracket on T M ⊕ T * M . There are some peculiar points worth pointing out: The deformed graded Poisson structure already naturally involves a metric connection, however, this connection is of Weitzenböck type, i.e. it is flat but has torsion. Via the derived bracket construction, this connection is transmuted into a Levi-Civita type connection with curvature and with torsion given by H. From this connection we obtain Riemann curvature and Ricci tensors. Suitably contracted, the resulting scalar curvature yields an action that reproduces the NS-NS sector of supergravity in 10 dimensions (5.24). Some partial results with dilaton (i.e. with φ = 0) are already contained in our previous work [30] and [31] .
Although supergravity was already obtained in the framework of generalized geometry as the analogue of Einstein's gravity, for the type II strings and the heterotic string (see, amongst the others, [32] , [33] , [34] and [35] , and for a double field theory formulation [36] , [37] ). Here we present a different approach based on the 2-graded symplectic T * [2]T [1]M with Hamiltonian Θ (5.6). Our construction is fully covariant, the metric and 2-form enter in the combination g + B (as in string theory) and we do not impose some arguably arbitrary torsion and further constraints on a class of connections, but rather construct the connection directly. The relevance of the derived brackets in reproducing the action of infinitesimal symmetries on various configuration spaces of physical interest was pointed out recently, e.g. in [38] . However, to our knowledge, so far there have been no attempts to construct those theories for which generalized geometry is accountable starting directly from the deformed graded Poisson algebra side. Since the derived bracket description from a corresponding deformation of the graded Poisson algebra is much less complicated than the techniques of differential geometry and cohomology on doubled bundles, we believe that theories of gravity could be very efficiently studied from this algebraic setup. For instance, the metricity of the connection and the Bianchi identities for the curvature are a direct consequence of the graded Jacobi identities.
In fact, the approach taken here keeps the covariance of the relevant objects for the differential geometry description, while at the same time suggesting slightly different formulas, e.g. the generalized Lie bracket (4.2) and the generalized torsion. We find it also interesting that, for the particular ansatz chosen, several alternative original approaches of Einstein in his quest to find a theory of gravity are consistently combined. This fact deserves more attention. The combination g + B plays the role of a non-symmetric metric, as in the nonsymmetric gravitational theory investigated by Einstein and others to find a unified field theory involving the electromagnetic field F (which failed). We instead encounter the 3-form H, as it should be for the abelian 2-gerbe T M ⊕ T * M . Even ideas from teleparallelism show up due to the Weitzenböck connection in the deformed Poisson structure and the global vielbeins on the generalized tangent bundle; recall that in the teleparallel equivalent of gravity the source of the gravitational force is explained by means of the torsion rather than the curvature. Here, all these rather different concepts and approaches appear in a mutually consistent manner and yield the bosonic part of the supergravity action.
The construction shares also some features with usual gauge theories, in the sense that the metric g, the B-field and the dilaton φ are the gauge potentials for the local symmetries of the dg-symplectic manifold. The local vielbein E(x) gathers all the gauge fields in a well-defined way. We shall investigate the resulting novel approach to gravity as a gauge theory elsewhere. We are convinced that more gravity theories with various kinds of geometry can be formulated starting from deformed graded Poisson algebras. Some attempts in this direction can be found in [39] and [40] . To conclude, let us mention some open questions: A complete treatment of the R-R fields in our description is still missing. Once that this is done, one could attempt to explain also why the bosonic fields in the gauge description of E derived from the deformed dg-symplectic T * [2]T [1]M appear to be in a supersymmetric (chiral or non-chiral) representation for d = 10 SUGRA. Another task to be accomplished concerns the C αβγ ξ α ξ β ξ γ fluxes: one could study them via the full Hamiltonian Θ, or via the Poisson algebra. In some other works the authors have dealt with them in the Hamiltonian, e.g. [41] , but the other scenario opens up more intriguing possibilities. It would also be interesting to know the dynamics of a test particle in M with graded phase space T * [2] T [1] M that moves under the gravitational force exerted by the torsion, i.e. to find its geodesic equation from Hamilton's equations. This may require the underlying membrane sigma model to be non-topological (at least off-shell), i.e. {Θ, Θ} = 0.
Appendix
A collection of fully general formulas that appeared in the text is reproduced here. Everywhere, V, W ∈ Γ(E), f ∈ C ∞ (M ), anchor ρ : E → T M , bilinear pairing ·, · : Γ(E) × Γ(E) → C ∞ (M )
• Connection: 
